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NMR spin echoes are calculated for a rotator consisting of three Motivated by the search for a special RF pulse technique th
spin-; nuclei whose three-particle wave function obeys C; symme-  could be used to demonstrate directly the multispin cycli
try. On decomposing the nuclear dipole—dipole interactions in permutation of particle exchange in solide (15, 16, we have
terms of irreducible operators of the representations of the group calculated the conditions for NMR spin-echo formation for ¢
C, it is found that for spins belonging to the A-representation, the coupled assembly of three spimuclei whose rotational state

echo amplitude is maximized for a -5 RF pulse sequence. The .
dependences of the echo formation on the orientation of the rotor obeys G symmetry. This result would be expected to apply tc

and on the strengths of the dipolar interactions and the magnetic ~SOMe methyl and ammonium rotator groups as well as to tf

field inhomogeneities are discussed. © 2000 Academic Press three-spin exchange operator f?.j-rle atoms on a triangular
Key Words: dipolar interactions; molecular symmetry; C, sym- lattice. Unusual NMR echoes with maxima % RF pulse
metry; rotators. sequences were reported for NMR studies of methyl groups

(TMTSF),X by Hanson 17) and this result can be understood
in terms of the underlying symmetry properties of the dipola
1. INTRODUCTION interactions for the rotator states. A similar feature has bee

explored by Manet al. (18) for single spin systems with

. tNMR Tpm—;ch(l) teg_hnllqu_e? at h'tgh magneulc fields V\ilheretha adrupolar nuclei. In order to be applicable the lifetime of th
internuciear dipoie—dipole interactions are only a small Perts e, .t molecular symmetry state must be longer than tt

bation on the nuclear Zeeman energy can be used to ‘?"S“”g‘ﬂﬁ lear spin relaxation time. While this is true for the symme
between different molecular symmetry states. While theEe

. . . ry species of simple molecules {HD,, CH, . ..) andlow-
symmetry properties have been exploited to determine t énensional molecular chains such as (TMTS&)it will not

absorption spectra for NMR and NQR applicatiofis §, the be valid for short-lived states in some methyl and ammoni

potential of developing special RF pulse sequences to provi eups 19). In the following sections we first show how to

) . . : r
unique signatures of th? underlylng group symmetries has 'gc))(%ress the intramolecular interactions in terms of irreducibl
been fully explored. This capability is well-known for proton

pairs in solid hydrogen?) for which the ortho molecules (total operators and then cal'culat(.a the NMR spin ec_hogs oA
nuclear spinl = 1, orbital angular momenturd = 1) have pulse sequence (whefds variable) for two cases: (i) intramo-

echo sequences that are distinctly different from those formléagm"flr. dipolar |qteract!ons on!y and (ii) magnetic field homo
by independent spih-pairs if the ortho molecules have agenemes plus dipolar interactions.
preferred orientation. Similar results were observed for solid
D, for which the molecular species are orthd € 0,1 = 2,

0) and para = 1,1 = 1) (8). Use has been made also of
group symmetry properties for calculations of NMR relaxation
rates —11) and for the off-resonance responses of quadrupo-We calculate the formation of NMR spin echoes for &
lar nuclei (L2) and multiquantum spectra of multispin systemgiolecule with three spip-nuclei, | (for s = 1, 2, 3), whose
(13, 14. The purpose of this paper is to show that moleculdmternuclear axes, form a planar rotator with €symmetry.
systems of more complex symmetries, and in particular tMée consider only the case of high magnetic fields for which th
three-spin rotors, have special NMR echo responses that reflaatlear Zeeman interactio, = —vyi 2, 1,B, is large
the symmetry states. For the ortho-hydrogen molecule tltismpared to the dipolar interactions. In this case we need or
echo behavior is best demonstrated by treating the intramoleetain the secular part of the dipolar interactions, i.e., the pe
ular dipole—dipole interaction in terms of irreducible operatothat commutes with, where the applied magnetic field is
in the manifoldl = 1, J = 1, and we follow a similar parallel to thez-axis. For each pair of spinst) the dipolar
approach in this paper. interaction is given byZ0)
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241 ®; = |0; A®)[mm,m;; AY)
o= 15 D2 [X ChnlaliYi(6™, o], [1] . .
m m,n CI)Z = |01 E >|m1m2m3; E >

O, = |0; Eb>|m1m2m3; E®. (3]

whereu, m, andn refer to the vectorial components = 1, ) ) B

l., = ¥27¥%(1, = 1,), andC}2 is a Clebsch-Gordan coef Following the notation de\{eloped by Nijma1) for the

ficient. Y2(0', $*) is the spherical harmonic for the polarftétrahedral group, we can write

angles ¢, ¢") defining the orientation of the internuclear

axis r ., with respect to the local molecular reference frame. Hip=—\6D 2 > (—)"BE,I5E. [4]

The strength of the dipolar interaction for an internuclear e on

separationr, is given by D = y*4%rl. The total dipolar

interaction¥l, = X, #35 where the sum is over all inde (I, £) label the irreducible representation&, E?, E”). 95

pendent pairsqt) of the nuclear spins. is the spherical component of a three-spin nuclear spin opera
In order to exploit the symmetry properties of the rotationdhat transforms irreducibly according to the representatign (

variables for the values off( ¢), which are correlated, we ¢), and

need to rewrited(l, in terms of operators that transform

irreducibly according to the representations of the groyp C BLEM) = D, ALIB Y, [5]

We therefore need nuclear spin functions that are simultaneous (sh

eigenfunctions of the operatafs, $°, and®, whered is the

total nuclear spin, anéP is the spin permutation operator. Inwhere for each pair of nucleif)

terms of the nuclear spin eigenfunctigmns,m,m,) (wherem,

is the eigenvalue of?), the required orthonormal linear cem A

binations are given by5( 6) B = \E Y0, ¢).

(6]

If the nuclear sites are labeled (1, 2, 3), the normalized matr

. (1)
| mam,ms; A) elements of4{ ¢ are given by
1
NG (|mumemg) + [mememy) + [memym,)) (12) (23) (31
v 11 1
x2+yh 2 AN = =
[mum,ms; E?) 3 3 3
I _ %2 — y2 xy: EA i € i
1 A =Xy Bl 5 g [7]
= ﬁ (|mm,ms) + e|m,m;my) + e*|m;mym,)) e 1 p €
‘ Xz, Yz, —_— = -
y B B
|m;m,m;; E®)
We have included with the labelF' () the basis functions for
_ 1 (|mymyms) + € |mpmamy) + elmammy), 2] the different representations. A useful review of multipole
T3 e e T €l e operators has been given by Sanctu@g)(

\ . .
Keeping only the secular componenpt,= 0, the intramo-

lecular dipolar interaction that dephases the transverse nucle

wheree = 2. The wave functions that depend on the spati&tagnetization following an initiaj pulse is given by

coordinates are classified in terms of eigenfunctions of the

permutation groug?,, of the three masses, i.€2,,|n; A?) = Do = — 6D X BLEI I, [8]

[n; A®y, @ In; E®) = €[n; E®), andP,|n; E®) = €*|n; E), r¢

wheren = 0 corresponds to the molecular ground stée.

E®) and|0; E®) are degenerate but separated fil@nA®) by with the quantization axig parallel to the applied magnetic

the tunneling energy splittingJ. field. This quantization axis does not in general coincide witl
The complete wavefunction for the three fermions must lmme of the symmetry axes for the molecular rotator, and w

totally antisymmetric, and the only allowed combinations afeed to further decompos$k;¢ into the rotator basis functions

space and nuclear spin functions are therefore those whémethe local molecular frame of reference. This decompositio

product contains the representatiaf?, i.e., is achieved with a rotation by the polar angl€¥, @) which
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specify the orientation of the magnetic field with respect to tHea and(E"|%5;,|E*) = Da*. The eigenstates of the E-cem
threefold symmetry axes of the molecule and the plane of thenents of the dipolar interactions are therefore given| B§)(
molecule. This leads to + |[E®))V2, with eigenvalues*|a| = +2D sin’®,. The
E-component of the intramolecular dipole—dipole interaction i
H i, = — 6D X > BLUM)YE(O, ®)ILE, 9] @ maximum for® = 7 independent ofb, i.e., for an applied
I m magnetic field aligned parallel to the plane of the rotator. Fc
= 0 and the applied field parallel to the axis of symmetry

where the B"(t) transform irreducibly in the molecular these dipolar contributions vanish.
frame of reference/.
We calculate thé3"*(.(l) in the standard molecular frame of 3. CALCULATION OF NUCLEAR SPIN ECHOES
reference with thez-axis parallel to the threefold axis of
rotation and thex-axis aligned parallel to the vector. In this ~ We calculate the NMR spin-echo amplitude fo#-8, RF

reference fram@(lz) = 0y = by = %, 2 buy = Z, oy = Z, pulse sequence for which an initial pulse rotates the spins ab(
frame (/l/t) ylelds « in the rotating frame 20). After a timet a second pulse

rotates the spins by an angbeabout an axis in the—y plane
that makes an angi¢ with they-axis. The time dependence of

-2 -1 0 1 2
3 the magnetization is determined by the total perturbing Han
A0 O _\"7 0 o0 iltonian,
3
BoiM)y=p:EL 0 0O 0 O |- 1o K port = 2 A+ 283 2 161+ %02, [12]
N t
b 3 )
E’\z O 0 O
V8 whereA; = y#AB; are the perturbations due to local magnetic

field inhomogeneitiesAB;) andJ is the exchange rate for the
For the components oKy, that transform according to the permutation of particless( t).
A- representatlon we find for the laboratory frame of reference, At time t the nuclear spin density matrix in the rotating
5(£) = —(V3/2)D(3 cos® — 1), and frame is

3D = — i ¥ pert i1 pert
By = 55 (3 cosO® — 1) 943, [11] p(t) = e il e [13]
V

and the echo amplitude at tinté after the second pulse is
with $55 = [($1%)% — ¥9™)?]. The total effective nuclear spin

.9“" is a spin3 operator for the A-representation. We will show E(t, t') = Trle ed'R p(t) R Te et ]

in the next section that the dependence on a higher order

tensorial component results in a very different spin-echo se- = T Rp(ORTp(—t')], [14]
quence compared to that for uncorrelated fermions. The matrix

elements are(A$) DDQ|A3,2 = 3D(3 cog® — 1) and where® is the rotation operator for the second pulse.

(AP H 55 |ALY = —3D(3 cog® — 1). 55, is a maximum  The significant feature of the system under study is that tt

for ® = % (i.e., for magnetic fields aligned parallel to the plandominant perturbing interactions are described in terms
of the rotator) and vanishes for magnetic fields lying on th@mple single spin operators that transform irreducibly unde
surface of the cone defined by the magic angle ¥d$\V/3) the symmetry operations of the molecular symmetry grou
with respect to the threefold axis of rotation. The time dependence and the echo amplitudes can be cal
The E-representation has total effective nuclear sgifh= lated in a straightforward manner using the operafidys For
1. The dipolar interactions therefore have the same symmethg E-representation, we showed in the previous section tt
properties as independent sgiparticles for the E-components#5,, leads to conventional echo formation and we therefor
of the intramolecular dipole—dipole interaction, and they comnly consider terms belonging to the symmetrical A-represel
tribute a standard spin echo sequence. The two E-compondatin.
of #pp, have a strong dependence on the orientation of theln order to carry out the calculations we need to transforr
magnetic field. %DDD = —\/5%5? 5o and ¥gp, = the Cartesian operatdy into components of the orthonormal
— V6B, 5 with BES = (BSH)* = (3V3/8) D sinf@e?”.  spherical operatorsf), obeying the orthogonality relations
There are off d|agonal elements of the nuclear spin operatdi§$,9.] = 8..(—". Following the standard convention
between theE* andE® representations, withE®|% 55 |E®) = (23) for | = 1, we use the spherical componefits= 1;, $1,
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= F(2) "?I1.. In the manifold of the E-representatiof't" =
3), the matrix representatioris|$,|m’) are

0 (30 0
110 0 2 0O
1 _
$1=~"f0lo 0 0 |3 [15]
0O 0 0 O
and
3
-~ 0 O 0
2
1
1 0 3 0 0
2
3
00 0 —-
2
with %, = (=)(9$D)1.
The initial density matrix,
p(0) == ——F( ) (17]

\j

and p(t) can be calculated in terms of thel(t) using the
A-representation expressioitps, = D95 = D[($.%)?
19™?] where® = D(3 cogO — 1).

Including the local field inhomogeneitiesl ,,

0 (3¢ 0 0

1 10 0 2 0

1 _ —iAt .
9 1(t) - \’/E € 0 0 0 \/éeZIEDt . [18]

0 0 0 0

The time-dependent operator can now be simply decomposed,

into a linear sum of time-independent operatéts

1 3
$i(t) = - Toe '“[ \gcos 2t(295 + 69
+ \g(zﬂ— 693 — 6i sin 2t9?

(19]

andJ$*(t) = —9i(t)t.
The effect of the second rotatich(B, i) is now trivial to
calculate, because for the irreducible spherical operatrs
RIVRT = [20]

mp~

g imv E d- g!
I

21

where d'm,L are the matrix elements of the rotation matrix
operator. Using a repeated suffix notation,

RIL Rt
1
=~ e” [ |3 cog29t)(2d3,, 93 + 6L, I E)
+2(2dL 9L — 3d3,,92)
¥ 130 sin2@t)d2,,9 2], [21]

from which we can calculat@® p(t)®R T in Eq. [14].
Using the expression fqgr(—t') and the orthogonality rela-
tions, we find for the NMR spin echo amplitude,

E(t,t") =

100
X (4d%,, + 6d*,,) + 8(2d,, + 3d3%,)
+ 60 sin(29t)sin(2%t")d? ,,

+ 24(cog2%t) + cog2at"))(dt,; —

cogA(t —t'))[6 cog2%t)coq2%t’)

d®1)]

130 cogA(t + t'))cog2y)
X [6 cog2%t)coq2%t")
X (4d3, + 6di,) + 8(2di, + 3d3)
— 60 sin2%t)sin(29t")d?%, + 24(cog2%t)
+ cog2%t"))(d};, — d3p]. [22]
If the magnetic field inhomogeneities are significant thel

only the first term in Eq. [22] contributes to the echo at time
t = t’. The echo amplitude foA = 0 is

1
(AITO(t =t)= -5 (17d111 + 15d211+ 18d311) [23]

Using the expressions for the elements of the rotation matrice
we find

e (t=1")

1
= 160(38 5cosB—6cosP—27cosP). [24]

The term in cos B results in a strong contribution to the echo
for B = % and the variation of the total amplitude of the echc
as a function of3 is shown in Fig. 1. If the phase angle=

0 or 7 the echo amplitude is negative for all valuesgfTwo
equally strong minima occur @gt= 64.2° and 180°. As a check
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0.2 As shown in Fig. 3, this echo (fap = 0) has a minimum for

Bm = cos }(1/V3) = 54.7° and a maximum @& = 7 — B,
with equal amplitudes for both extrema. For= 3, i.e., a
(3),—(B)« RF pulse sequence,

& 0.3

) 9

° et =1") = — 20 (1 —cos ). [27]

3

s

5 ° /

& For this sequence the echo is maximum and negative fer

‘; / 3, corresponding to the familiagolid echo for dipolar interac-

T 0.1 / tions.

= /

4. DISCUSSION AND CONCLUSION
-0.2l ‘ — ‘ ‘ | The calculated amplitudes of the echo formation for a ger
0.0 0.2 0.4 0.6 0.8 0

eral 3-8 pulse sequence for a molecule of three gpimiclei
prm whose rotational wavefunction obeys; Gymmetry have
FIG. 1. Variation of the NMR spin-echo amplitude for a @tator in an  Unique features. For an oriented system with the magnetic fie
inhomogeneous magnetic field as a functiofBdér a5 RF pulse sequence. aligned parallel to the plane of the rotators, the NMR spin-ech
This .variation include§ the timejindependent tgrms gf Eq. [22]..(The ec%ﬂnplitude is a maximum fO'B = I For a homogeneous
amplitudes are normalized to unity for the free induction decay signal.) magnetic field, the maximum echo amplitude occursﬁort
54.7°, and for inhomogeneous magnetic fields, the maximu
) ) occurs forp = 64.2°. This feature can be used to identify the
on the calculations we note that if we put = 0, the echo 4atonal symmetry, provided that the exchange frequehcy

H A#0 _ ’ — _Ad? — _1 _ H . . X -
amplitude’¢ ™ (t = t') = —d-y, = —5(1 — cosp) and IS yhich determines the energy separation of the states satisf
maximum negative fog = m as expected for a conventionaly < ¢ |t 3 < 9, the above analysis is not valid and the

echo sequence. It is worth noting that the echo amplitude giVE’y”stem behaves as independent fermions.
by Eq. [22] contains a time-independent term that also varies;; g important to note that the rotational (or exchange

with B. If we consider only the time-dependent terms, the eclyQ,,,encyJ does not enter directly into the expression for th
amplitude is given by NMR echo formation. The exchange spin operator is diagon
in the A- and the E-representations and therefore does r

9
ext=1)= —m(z + cospB — 2 cos B — cos 3PB).
0
[25] :
The dependence of this component of the echg @ shown |8| R
in Fig. 2 and has a strong negative pealBat cos '(V2) = 4 o 00]
70.5°. The case = t' = 0 is a special case because the terny
(cos Znt + cos Znt’) in Eq. [2] now contributes to the echo§ | |
amplitude which becomeg*™°(t =t’ = 0) = —2(19d*,; +
6d§11) = —1forB = 0. ) -0.16]
If we can neglect the field inhomogeneities, i.e|Af| <1 &
for typical values of, e.g.,t = T,, then the second term in Eq. o 0.2
[22] also contributes to the echo, and we haveyior 0 or 7 § '
-0.24
en %At =1t)
-0.28]
= m[G(d%l— dl,ll) - lO(d%l—l— dz,ll) 0.0 oz0 0.‘46 B R ‘o‘,go‘ B

B/m

FIG. 2. Variation of the time-dependent components only of the NMR
9 spin-echo amplitude for a Qotator in an inhomogeneous magnetic field as a
- _ (COSB — cos 38) [26] functlon of_B for az—B RF_puIse_sequence. (The echo amplitudes are norma

80 ized to unity for the free induction decay signal.)

+ 4(d3, — d2,))]
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FIG. 3. Variation of the NMR spin-echo amplitude for a @tator in a
homogeneous magnetic field as a functionddbr a 8 RF pulse sequence. 12.
(The echo amplitudes are normalized to unity for the free induction decag.
signal.) 14,

15.

contribute directly to the temperature dependence. If there
were an appreciable mixing of the A- and E-wavefunctions,
this would not be true because the matrix elements:
(A|$}(t)|E) would be permitted with a resulting time depen
dence expP(t — t')] for the echo amplitude. In the absenc
of such a mixing, NMR measurements cannot measlre
directly. The exchange frequency can, however, be inferrgg
from NMR relaxation studies because, as a result of the mod-
ulation of the intermolecular dipolar interactions, the spectrag,
densities of the motions that determine the relaxation are
sharply peaked afl. This feature has been used for bullke1.
samples ofHe (24).
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