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NMR spin echoes are calculated for a rotator consisting of three
spin-1

2 nuclei whose three-particle wave function obeys C3 symme-
try. On decomposing the nuclear dipole–dipole interactions in
terms of irreducible operators of the representations of the group
C3 it is found that for spins belonging to the A-representation, the
echo amplitude is maximized for a p

2–p
3 RF pulse sequence. The

ependences of the echo formation on the orientation of the rotor
nd on the strengths of the dipolar interactions and the magnetic
eld inhomogeneities are discussed. © 2000 Academic Press

Key Words: dipolar interactions; molecular symmetry; C3 sym-
etry; rotators.

1. INTRODUCTION

NMR spin-echo techniques at high magnetic fields wher
internuclear dipole–dipole interactions are only a small pe
bation on the nuclear Zeeman energy can be used to distin
between different molecular symmetry states. While t
symmetry properties have been exploited to determine
absorption spectra for NMR and NQR applications (1–6), the
potential of developing special RF pulse sequences to pr
unique signatures of the underlying group symmetries ha
been fully explored. This capability is well-known for prot
pairs in solid hydrogen (7) for which the ortho molecules (tot
nuclear spinI 5 1, orbital angular momentumJ 5 1) have
echo sequences that are distinctly different from those fo
by independent spin-1

2 pairs if the ortho molecules have
preferred orientation. Similar results were observed for s
D2 for which the molecular species are ortho (J 5 0, I 5 2,
0) and para (J 5 1, I 5 1) (8). Use has been made also
group symmetry properties for calculations of NMR relaxa
rates (9–11) and for the off-resonance responses of quadr
lar nuclei (12) and multiquantum spectra of multispin syste
(13, 14). The purpose of this paper is to show that molec
systems of more complex symmetries, and in particula
three-spin rotors, have special NMR echo responses that r
the symmetry states. For the ortho-hydrogen molecule
echo behavior is best demonstrated by treating the intram
ular dipole–dipole interaction in terms of irreducible opera
in the manifold I 5 1, J 5 1, and we follow a simila
approach in this paper.
181090-7807/00 $35.00
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Motivated by the search for a special RF pulse technique
could be used to demonstrate directly the multispin cy
permutation of particle exchange in solid3He (15, 16), we have
calculated the conditions for NMR spin-echo formation fo
coupled assembly of three spin-1

2 nuclei whose rotational sta
obeys C3 symmetry. This result would be expected to appl
some methyl and ammonium rotator groups as well as t
three-spin exchange operator for3He atoms on a triangul
lattice. Unusual NMR echoes with maxima forp

2–
p
3 RF pulse

sequences were reported for NMR studies of methyl grou
(TMTSF)2X by Hanson (17) and this result can be understo
in terms of the underlying symmetry properties of the dip
interactions for the rotator states. A similar feature has
explored by Manet al. (18) for single spin systems wi

uadrupolar nuclei. In order to be applicable the lifetime o
elevant molecular symmetry state must be longer than
uclear spin relaxation time. While this is true for the sym

ry species of simple molecules (H2, D2, CH4 . . . ) andlow-
dimensional molecular chains such as (TMTSF)2X, it will not
be valid for short-lived states in some methyl and amm
groups (19). In the following sections we first show how

xpress the intramolecular interactions in terms of irredu
perators and then calculate the NMR spin echoes for ap

2–b
pulse sequence (whereb is variable) for two cases: (i) intram
lecular dipolar interactions only and (ii) magnetic field hom
geneities plus dipolar interactions.

2. NUCLEAR DIPOLE–DIPOLE INTERACTIONS

We calculate the formation of NMR spin echoes fo
molecule with three spin-1

2 nuclei, I s (for s 5 1, 2, 3), whos
nternuclear axesr st form a planar rotator with C3 symmetry
We consider only the case of high magnetic fields for which
nuclear Zeeman interaction*Z 5 2g\ ¥ i I izBz is large
compared to the dipolar interactions. In this case we need
retain the secular part of the dipolar interactions, i.e., the
that commutes withI z where the applied magnetic field
parallel to thez-axis. For each pair of spins (st) the dipola
interaction is given by (20)
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19ECHOES: MOLECULAR C3 SYMMETRY
* DD
st 5 2Î24p

5
D O

m

@O
m,n

Cmn,m
112 I m

s I n
t Ym

2~u ~st!, f ~st!!#, [1]

wherem, m, andn refer to the vectorial componentsI 0 5 I z,
I 61 5 7221/ 2(I x 6 I y), andCmn

112 is a Clebsch–Gordan coe-
ficient. Ym

2(u (st), f (st)) is the spherical harmonic for the po
angles (u (st), f (st)) defining the orientation of the internucle
axis r (st) with respect to the local molecular reference fra
The strength of the dipolar interaction for an internuc
separationr o is given by D 5 g 2\ 2/r o

3. The total dipola
interaction*DD

T 5 ¥ (st) *DD
st where the sum is over all ind-

endent pairs (st) of the nuclear spins.
In order to exploit the symmetry properties of the rotatio

variables for the values of (u, f) (st) which are correlated, w
need to rewrite*DD

T in terms of operators that transfo
irreducibly according to the representations of the group3.
We therefore need nuclear spin functions that are simultan
eigenfunctions of the operators( z, ( 2, and3s where( is the
total nuclear spin, and3s is the spin permutation operator.
terms of the nuclear spin eigenfunctionsum1m2m3& (wherems

is the eigenvalue ofI z
s), the required orthonormal linear co-

binations are given by (5, 6)

um1m2m3; A ~1!&

5
1

Î3
~um1m2m3& 1 um2m3m1& 1 um3m1m2&)

um1m2m3; Ea&

5
1

Î3
~um1m2m3& 1 eum2m3m1& 1 e* um3m1m2&)

um1m2m3; Eb&

5
1

Î3
~um1m2m3& 1 e* um2m3m1& 1 eum3m1m2&), [2]

wheree 5 e2pi /3. The wave functions that depend on the sp
coordinates are classified in terms of eigenfunctions o
permutation group3m of the three masses, i.e.,3mun; A(2)& 5
n; A(2)&, 3mun; Ea& 5 eun; Ea&, and3mun; Eb& 5 e* un; Eb&,
heren 5 0 corresponds to the molecular ground stateu0;

Ea& andu0; Eb& are degenerate but separated fromu0; A(2)& by
the tunneling energy splitting\J.

The complete wavefunction for the three fermions mus
totally antisymmetric, and the only allowed combinations
space and nuclear spin functions are therefore those w
product contains the representationA(2), i.e.,
.
r

l

us

l
e

e
f
se

F1 5 u0; A ~2!&um1m2m3; A ~1!&

F2 5 u0; Ea&um1m2m3; Eb&

F3 5 u0; Eb&um1m2m3; Ea&. [3]

Following the notation developed by Nijman (21) for the
tetrahedral group, we can write

* DD
T 5 2Î6D O

G,z

O
m

~2! m@ 2,2m
G,z ( 2,m

G,z . [4]

(G, z) label the irreducible representations (A(1), Ea, Eb). (2m
G,z

is the spherical component of a three-spin nuclear spin ope
that transforms irreducibly according to the representatioG,
z), and

@ 2m
G,z~}! 5 O

~st!

! st
G,z@ 2m

~st!, [5]

where for each pair of nuclei (st)

@ 2m
~st! 5 Î4p

5
Ym

2 ~u st, f st!. [6]

If the nuclear sites are labeled (1, 2, 3), the normalized m
elements of! st

G,z are given by

! st
G,z 5

x2 1 y2, z2; A1

x2 2 y2, xy; Ea

xz, yz; Eb

~12! ~23! ~31!

1
1

Î3

1

Î3

1

Î3
1

Î3

e

Î3

e*

Î3
1

Î3

e*

Î3

e

Î3

2 . [7]

e have included with the labels (G, z) the basis functions fo
the different representations. A useful review of multip
operators has been given by Sanctuary (22).

Keeping only the secular component,m 5 0, the intramo
lecular dipolar interaction that dephases the transverse n
magnetization following an initialp2 pulse is given by

* DD0

T 5 2Î6D O
G,z

@ 20
G,z( 20

G,z, [8]

with the quantization axisZ parallel to the applied magne
field. This quantization axis does not in general coincide
one of the symmetry axes for the molecular rotator, and
need to further decompose@20

G,z into the rotator basis functio
for the local molecular frame of reference. This decompos
is achieved with a rotation by the polar angles (Q, F) which
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20 SULLIVAN AND KISVARSANYI
specify the orientation of the magnetic field with respect to
threefold symmetry axes of the molecule and the plane o
molecule. This leads to

* DD0

T 5 2Î6D O
G,z

O
m

@ 2m
G,z~}!Ym

2 ~Q, F!( 20
G,z, [9]

where the @G,z(}) transform irreducibly in the molecul
rame of reference,}.

We calculate the@G,z(}) in the standard molecular frame
eference with thez-axis parallel to the threefold axis

rotation and thex-axis aligned parallel to the vectorr 1. In this
reference frameu(12) 5 u(23) 5 u(31) 5 p

2, f(12) 5 5p
6 , f(23) 5 3p

2 ,
andf(31) 5 13p

6 . Direct calculation for the molecular referen
rame (}) yields

@ 2,m
G,z~}! 5 m:

A1

Ea

Eb

22 21 0 1 2

1
0 0 2

Î3

2
0 0

0 0 0 0
3

Î8
3

Î8
0 0 0

2 . [10]

For the components of*DD0 that transform according to t
A-representation, we find for the laboratory frame of refere
@20

A1(+) 5 2(=3/ 2)D(3 cos2Q 2 1), and

* DD0

A1 5
3D

2Î2
~3 cos2Q 2 1!( 20

A1, [11]

ith ( 20
A1 5 [(( z

Tot)2 2 1
3((

Tot)2]. The total effective nuclear sp
Tot is a spin-32 operator for the A-representation. We will sh

n the next section that the dependence on a higher
ensorial component results in a very different spin-echo
uence compared to that for uncorrelated fermions. The m
lements are^ A3/ 2

(1) u*DD0

A1 uA3/ 2
(1)& 5 3

2D(3 cos2Q 2 1) and
^ A1/ 2

(1) u*DD0

A1 uA1/ 2
(1)& 5 23

2D(3 cos2Q 2 1). *DD0

A1 is a maximum
or Q 5 p

2 (i.e., for magnetic fields aligned parallel to the pl
of the rotator) and vanishes for magnetic fields lying on
surface of the cone defined by the magic angle cos21(1/ =3)
with respect to the threefold axis of rotation.

The E-representation has total effective nuclear spin(Tot 5
1
2. The dipolar interactions therefore have the same symm
properties as independent spin-1

2 particles for the E-componen
of the intramolecular dipole–dipole interaction, and they c
tribute a standard spin echo sequence. The two E-compo
of *DD0 have a strong dependence on the orientation o
magnetic field. *DD0

Ea 5 2=6@ 2,0
Ea ( 2,0

Ea and *DD0

Eb 5
=6@ 2,0

Eb ( 2,0
Eb with @ 2,0

Ea 5 (@ 2,0
Eb )* 5 (3=3/8) D sin2Qe2iF.

There are off-diagonal elements of the nuclear spin oper
between theEa andEb representations, witĥEbu*DD0

Ea uEa& 5
e
e

e,

er
e-
rix

e

try

-
nts
e

rs

Da and ^E u*DD0uE & 5 Da*. The eigenstates of the E-co-
ponents of the dipolar interactions are therefore given by (uEa&

uEb&)=2, with eigenvalues6uau 5 69
8D sin2Qm. The

E-component of the intramolecular dipole–dipole interactio
a maximum forQ 5 p

2 independent ofF, i.e., for an applie
magnetic field aligned parallel to the plane of the rotator.
Q 5 0 and the applied field parallel to the axis of symme
these dipolar contributions vanish.

3. CALCULATION OF NUCLEAR SPIN ECHOES

We calculate the NMR spin-echo amplitude for ap
2–t–b c RF

pulse sequence for which an initial pulse rotates the spins
the y-axis byp

2 and creates a transverse nuclear magnetiz
I x in the rotating frame (20). After a time t a second puls
otates the spins by an angleb about an axis in thex–y plane

that makes an anglec with they-axis. The time dependence
the magnetization is determined by the total perturbing H
iltonian,

*pert 5 O
i

D i I zi 1 2\J O
st

I s z I t 1 * DD0

Tot , [12]

whereD i 5 g\DB i are the perturbations due to local magn
field inhomogeneities (DB i) andJ is the exchange rate for t
permutation of particles (s, t).

At time t the nuclear spin density matrix in the rotat
frame is

r~t! 5 e2i*perttI xe
i*pertt [13]

nd the echo amplitude at timet9 after the second pulse is

E~t, t9! 5 Tr@e2i*pertt95r~t!5†ei*pertt9I x#

5 Tr@5r~t!5†r~2t9!#, [14]

where5 is the rotation operator for the second pulse.
The significant feature of the system under study is tha

dominant perturbing interactions are described in term
simple single spin operators that transform irreducibly u
the symmetry operations of the molecular symmetry gr
The time dependence and the echo amplitudes can be
lated in a straightforward manner using the operators(mn

G,z. For
he E-representation, we showed in the previous section

DD0

E leads to conventional echo formation and we there
only consider terms belonging to the symmetrical A-repre
tation.

In order to carry out the calculations we need to trans
the Cartesian operatorI x into components of the orthonorm
spherical operators(m

l obeying the orthogonality relatio
Tr[(m

l (m9
l ] 5 dmm9(2

m. Following the standard conventi
(23) for l 5 1, we use the spherical components( 0

1 5 I z
1, (61

1
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21ECHOES: MOLECULAR C3 SYMMETRY
5 7(2) I61. In the manifold of the E-representation (( 5
3
2), the matrix representations^mu( n

l um9& are

( 1
1 5 2

1

Î10 1
0 Î3 0 0
0 0 2 0
0 0 0 Î3
0 0 0 0

2 [15]

nd

( 0
1 5

1

Î5 1
3

2
0 0 0

0
1

2
0 0

0 0 2
1

2
0

0 0 0 2
3

2

2 , [16]

with (21
1 5 (2)((1

1)†.
The initial density matrix,

r~0! 5 I x 5 2
1

Î2
~( 1

1 2 ( 21
1 !, [17]

and r(t) can be calculated in terms of the(m
l (t) using the

A-representation expression*DD0
A1 5 $( 0

2 5 $[(( z
Tot)2 2

1
3((

Tot)2] where$ 5 D(3 cos2Q 2 1).
Including the local field inhomogeneitiesDI z,

( 1
1~t! 5 2

1

Î10
e2iDt1

0 Î3e22i$t 0 0
0 0 2 0
0 0 0 Î3e2i$t

0 0 0 0
2 . [18]

The time-dependent operator can now be simply decomp
into a linear sum of time-independent operators(m

l .

( 1
1~t! 5 2

1

Î10
e2iDtF Î3

5
cos 2$t~2( 1

3 1 Î6( 1
1!

1 Î2

5
~2( 1

1 2 Î6( 1
3! 2 Î6i sin 2$t( 1

2G
[19]

and (21
1 (t) 5 2( 1

1(t)†.
The effect of the second rotation5(b, c) is now trivial to

calculate, because for the irreducible spherical operators(m
l ,

5( m
l 5† 5 e2imc O

m

dmm
l ( m

l , [20]
ed

where dmm are the matrix elements of the rotation ma
operator. Using a repeated suffix notation,

5( 61
1 5†

5 2
1

Î50
e7iDt@Î3 cos~2$t!~2d61m

3 ( m
3 1 Î6d61m

1 ( m
1 !

1 2~Î2d61m
1 ( m

1 2 Î3d61m
3 ( m

3 !

7 i Î30 sin~2$t!d61m
2 ( m

2 #, [21]

rom which we can calculate5r(t)5† in Eq. [14].
Using the expression forr(2t9) and the orthogonality rel

tions, we find for the NMR spin echo amplitude,

E~t, t9! 5 2
1

100
cos~D~t 2 t9!!@6 cos~2$t!cos~2$t9!

3 ~4d211
3 1 6d211

1 ! 1 8~2d211
1 1 3d211

3 !

1 60 sin~2$t!sin~2$t9!d211
2

1 24~cos~2$t! 1 cos~2$t9!!~d211
1 2 d211

3 !#

1
1

100
cos~D~t 1 t9!!cos~2c!

3 @6 cos~2$t!cos~2$t9!

3 ~4d11
3 1 6d11

1 ! 1 8~2d11
1 1 3d11

3 !

2 60 sin~2$t!sin~2$t9!d11
2 1 24~cos~2$t!

1 cos~2$t9!!~d11
1 2 d11

3 !#. [22]

If the magnetic field inhomogeneities are significant t
only the first term in Eq. [22] contributes to the echo at t
t 5 t9. The echo amplitude forD 5 0 is

e ~1!
DÞ0~t 5 t9! 5 2

1

50
~17d211

1 1 15d211
2 1 18d211

3 !. [23]

sing the expressions for the elements of the rotation mat
e find

e ~1!
DÞ0~t 5 t9!

5 2
1

160
~382 5 cosb 2 6 cos 2b 2 27 cos 3b!. [24]

he term in cos 3b results in a strong contribution to the ec
for b 5 p

3 and the variation of the total amplitude of the e
as a function ofb is shown in Fig. 1. If the phase anglec 5
0 or p the echo amplitude is negative for all values ofb. Two
equally strong minima occur atb 5 64.2° and 180°. As a che
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22 SULLIVAN AND KISVARSANYI
on the calculations we note that if we put$ 5 0, the echo
amplitude%DÞ0(t 5 t9) 5 2d211

1 5 21
2(1 2 cos b) and is

maximum negative forb 5 p as expected for a convention
echo sequence. It is worth noting that the echo amplitude g
by Eq. [22] contains a time-independent term that also v
with b. If we consider only the time-dependent terms, the e
amplitude is given by

e ~2!
DÞ0~t 5 t9! 5 2

9

160
~2 1 cosb 2 2 cos 2b 2 cos 3b!.

[25]

The dependence of this component of the echo onb is shown
in Fig. 2 and has a strong negative peak atb 5 cos21(=2

3) 5
70.5°. The caset 5 t9 5 0 is a special case because the t
(cos 2$t 1 cos 2$t9) in Eq. [2] now contributes to the ec
amplitude which becomes%DÞ0(t 5 t9 5 0) 5 2 1

25(19d211
1 1

6d211
3 ) 5 21 for b 5 0.
If we can neglect the field inhomogeneities, i.e., ifuDtu ! 1

for typical values oft, e.g.,t 5 T2, then the second term in E
[22] also contributes to the echo, and we have forc 5 0 or p

e ~3!
D50,c50~t 5 t9!

5
3

100
@6~d11

1 2 d211
1 ! 2 10~d11

2 1 d211
2 !

1 4~d11
3 2 d211

3 !]

5 2
9

80
~cosb 2 cos 3b!. [26]

FIG. 1. Variation of the NMR spin-echo amplitude for a C3 rotator in an
nhomogeneous magnetic field as a function ofb for a p

2–b RF pulse sequenc
This variation includes the time-independent terms of Eq. [22]. (The
amplitudes are normalized to unity for the free induction decay signal.)
en
es
o

s shown in Fig. 3, this echo (forc 5 0) has a minimum fo
bm 5 cos21(1/ =3) 5 54.7° and a maximum atb 5 p 2 bm,
with equal amplitudes for both extrema. Forc 5 p

2, i.e., a
(p

2) y–(b) x RF pulse sequence,

e ~4!
D50,c5p/ 2~t 5 t9! 5 2

9

40
~1 2 cos 2b!. [27]

or this sequence the echo is maximum and negative forb 5
p
2, corresponding to the familiarsolid echo for dipolar interac
tions.

4. DISCUSSION AND CONCLUSION

The calculated amplitudes of the echo formation for a
eral p

2–b pulse sequence for a molecule of three spin-1
2 nuclei

whose rotational wavefunction obeys C3 symmetry hav
unique features. For an oriented system with the magnetic
aligned parallel to the plane of the rotators, the NMR spin-e
amplitude is a maximum forb . p

3. For a homogeneou
magnetic field, the maximum echo amplitude occurs forb 5
54.7°, and for inhomogeneous magnetic fields, the maxi
occurs forb 5 64.2°. This feature can be used to identify
rotational symmetry, provided that the exchange frequenJ
which determines the energy separation of the states sa
J . $. If J , $, the above analysis is not valid and
system behaves as independent fermions.

It is important to note that the rotational (or exchan
frequencyJ does not enter directly into the expression for
NMR echo formation. The exchange spin operator is diag
in the A- and the E-representations and therefore doe

FIG. 2. Variation of the time-dependent components only of the N
pin-echo amplitude for a C3 rotator in an inhomogeneous magnetic field a
unction ofb for a p

2–b RF pulse sequence. (The echo amplitudes are no
zed to unity for the free induction decay signal.)
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23ECHOES: MOLECULAR C3 SYMMETRY
contribute directly to the temperature dependence. If t
were an appreciable mixing of the A- and E-wavefuncti
this would not be true because the matrix elem
^ Au(m

l (t)uE& would be permitted with a resulting time dep-
dence exp[iJ(t 2 t9)] for the echo amplitude. In the absen
of such a mixing, NMR measurements cannot measuJ
directly. The exchange frequency can, however, be infe
from NMR relaxation studies because, as a result of the
ulation of the intermolecular dipolar interactions, the spe
densities of the motions that determine the relaxation
sharply peaked atJ. This feature has been used for b
samples of3He (24).
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FIG. 3. Variation of the NMR spin-echo amplitude for a C3 rotator in a
omogeneous magnetic field as a function ofb for a p

2–b RF pulse sequenc
(The echo amplitudes are normalized to unity for the free induction d
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